Periodic solutions of piecewise affine gene network models: the case of a negative feedback loop by Farcot, Etienne & Gouzé, Jean-Luc
Periodic solutions of piecewise affine gene network
models: the case of a negative feedback loop
Etienne Farcot, Jean-Luc Gouze´
To cite this version:
Etienne Farcot, Jean-Luc Gouze´. Periodic solutions of piecewise affine gene network models:




Submitted on 14 Nov 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
appor t  
























INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Periodic solutions of piecewise affine gene network
models: the case of a negative feedback loop
Etienne Farcot — Jean-Luc Gouzé
N° 6018
Novembre 2006
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)













akY[ni~y(^]wCkcY[^ﬁ^ jnpilkc^]^ﬁ~ru[np nkzgor U~6ilk~rm[q¡^ﬁ(^ wn¡oj[np'orwm[n¡knpi[wo¢K^ ¤£9 ¥oKwG~6q~riiCoy ([np^] ^ ¦ﬁnil^
~9§
[^'jn¡¨(^]wc^]Kkcn~rqB^]tBu~9kn¡oKinpjn¡\/^]ilnpor©oKw+\_oKwc^K£¢[wo¢hnj^]6kcY[^]n¡wnpKk^ w~rkcnporilkcwu8ku[wc^Nni~^ sK~ykcnpr^G ¥^ ^]jmª~r«
qpohor¤¬a­kNniN~yqiloicY[o¢¦ﬁ/kcY~ykGkcY^i~y\/^icgjizk^ \
iG orBr^]wcsK^'kco9¦'~yw/~6u[[ntBu[^ilk~rm[q¡^^]tBu[npqpn¡m[wnpu[\®(oKn¡BkNn¡[n¡\/^ ªilnpor
j¬XY[ni'^ hkc^ ª[i~kcY^ orw^ \or Cfh[oruiicn¯£h¦ﬁYnpYicY[o9¦ﬂ^]kcY[^6^jnizk^  ^°or kcY[^>il^|oKwcmnkiﬂoK[q¡gK¬XY[^6 oricnp[^ w^]±q~rii
oy ²^>tKuª~9kcnporªiniGuicu~yqpqpg_izkujnp^]~riN~6\/oj[^ qor UsK^ [^w^ sruqp~ykcoKwcg[^ k¦'orw«hi]¬+a­kﬂnpiN[oyk'~riilu[\/^>kcY~ykﬂ~rq¡q(j^]]~>gw~9kc^>i
~yw^np[^ Kknp]~yq@£r¦ﬁYnpY/nim[n¡oKq¡oKsrn ~rq¡qpg$npwcw^ qp^ y~yKk>£ym[ujkNY~rim(^ ^]
jor[^ﬁnp_kcY^ﬁ9~KizkG\/~9xzoKwcn¡kzgor ([w^ hnporuiilkcuªjn¡^>i ¬Gb°u[w
¦ﬂoKwc«$wc^ qpnp^]ior_q~riiln ~rqKw^]icu[q¡kiC~ym(oKujk³[j^](ornpKkioy ª\/oroykcoK[^r£y or]~>r^ﬂor(^]w~ykcoKwi+~rkcnp[s°oK(oBiln¡kcnpr^'9~ywn~ym[qp^]i]¬




(^ wn¡oj[np6iloKq¡u[kcnpori]£j[n¡^>^ ¦ﬁnic^½­q¡np[^]~rw]£h\/oK[oykor[^6or(^ w~9korwi
∗ ¾¿¢Àl¾Á8Á ¾jÂÃÄ8Å]ÆÇ¿È É8ÇcÊ8ËyÀlÄjÂ­ÀÁÅ9ÀlÄjÂÃÅ
† Ì ÇcÍÎ¾8È ÉÇcÊ8ËyÀlÄjÂ­ÀÁÅ9ÀlÄjÂµÃ8Å
  ±+ /	/5ﬁ 	5 ,./	ﬁﬁ!$#%ﬁ !$ ,.$Cﬂﬁ!-	2	ﬁﬁ!

&ﬁ'+/ﬁ0  '!	l52:Sﬂ ﬁ&!6+87 	2C'C!N+
    ~yªi5 ^Ew~y[(oKwlk±q ^jnpilkc^]^S^kq u[np nk ﬀ u[[^SoKwcmnk^Eﬁ wn¡oj[nptBu[^Sizk~ym[qp^E^>izkﬀﬂ \/oKKkcw ^K£(oru[w
u[[^5q~riil^ﬀ ]tBu~9kn¡oKijn¡¨ﬃ w^ Kkn¡^]q¡qp^]i~9§
[^]i~yw\_oKw ^]~rujE^] jn¡\/^]ilnpor ©ﬀ^ k[qpui]£(oru[wq¡^>iicgjizkZ \/^]ijorBk
q~ilkcwukcu[w^ ﬀ npKk^ w~r8knpor ^>izkﬀu[[^ m(oru q¡^S]sK~9kn¡K^r¬ aq6^]ilk]sK~yqp^ \/^]Kkﬀﬂ \/orBkcw tKu^ ^]i\! ]\/^]iicgjizkZ \/^]i
oKBr^]wcsK^ Kkﬂr^]wiﬂu[±u[nptBu[^"]tBu[npq¡npm[w^|izk~ym[qp^°^ 5[n¡\/^ ªilnpor[¬G{ﬂ^>nﬁ kc^ ªu±w]icu[qk~9kﬂ#$fj[oruiicn¯£jtKunU~Kicicu[w~yn¡k




~rnpiG^¨U^]8ku ^°[~yiGqp~$[qpu[~ywckﬂj^]ikcw~¢9~yuj_iluwGqp^icu9xz^ k]¬N{ﬂ^ﬁkcw~>y~ynpq[i, ~r[[u[np^icu[wNj^>i
kcY+ orwZ \/^>iﬂq~riilntBu[^]iﬂj^|(ornpKkﬂ³h^|- oKﬁ w~9kc^]u[wiG\/or[orkcoK[^]iN^ k or ~¢r^>i £B~¢r^]9~ywn~ym[qp^]iG(oBiln¡kcnpr^]i]¬  ^°[qpui]£hqp^]i
kc^>Y[nptBu[^>i r^ qporﬁ ^]iiloKKkkwcZ>i^]wlk~ynp[^ \/^ Bk°~y[q¡n ~rm[q¡^>i.$j^>iicn¡kcu~ykcnpori[qpuis( + w~yqp^]i]£[oru[hw~yKku[[^rornp^
(oruwﬁ[^| ¥ujku[w^]iﬁwc^>Y^ wY[^>i ¬
/» ] ¹ 10  ± icorqpujkn¡oKiﬁ wn¡oj[nptBu[^>i £jq¡np]~rn¡w^|ª~ywﬁ\/orw^]~ruj²£horﬁ w~9k^ u[wi'\_oK[oykor[^>i
 
	ﬀﬂﬁﬃ !"#%$ﬀ&'()*+ ,- ©
.




n¡k°wc^  ¥^ wikco5~il^ kor sr^ ^]ioj[n¡[s
 ¥orwwcorkc^ npim(^ np[s±~rm[qp^$kco±~K8kn¡y~9kc^orwnp[Y[npm[nk°kcY^^ j[wc^>icicnporor oykY[^ wsK^ [^]i
¦ﬁn¡kcY[np kY[^i~y\/^







  ~r n¡s~/\/~9xzoKwY~rq¡qp^ [sK^r¬ﬂXY[niﬁ  ~r8kY~Kiﬁn¡\/(^ qpqp^]T~/q~ywsr^$~y\/oruKkor C¦ﬂorw«U£jsKn¡hnp[s/mn¡wckcYﬀkcoBu[\/^ woruiﬁ\/oj[^ qi £
ic^ ^)O +Pª ¥orwﬂ~$w^ hnp^ ¦$¬
D
\/or[sjn¨U^ w^ BkNkzgB(^>iGor ²\/ojj^]qpi]£B~ic(^]n~yqª qp~KiciGoy ¤[n¡^>^]¦ﬁnpic^q¡np[^>~ywﬂjn¡¨(^]wc^]Kkcn~yqª^>tBu~9kn¡oKi





fhnp^n¡kiCnpKkwco[ju8kn¡oK¤£9kcY[^q~rii+or ª[np^] ^ ¦ﬁnil^ ½@qpn¡^]~yw\/oj[^ qiY~Ki+kcYhuiCm(^ ^]/izkujnp^]npy~ywn¡oKui  ~ricY[n¡oKi]¬vC^ wn¡o[jnp
kcw~9xz^]kcorwnp^]i]£ªorw°q¡np\/nk$gjqp^]i]£(oy kY[^]ic^_ilgjilkc^]\/iYª~>r^m(^]^ E^]ic(^]n~yqpqpgn¡hr^]ilkcnpsK~9k^]²¬|XY[^³wilk°w^]icu[q¡ki° or ^ w[^]
~ ~ywckcnu[q~yw ~Kil^K£CY~yw~rkc^]wcnXW ^] mhgSkY[^±^>tKuª~yqpnkzg oy ~yqpq'j^]]~>g w~9kc^>ioy ﬁkcY[^icghilkc^]\ﬀ¬ZY[^ wkY[npi_~riicu[\_[kcnpor¤£
kcw~9xz^]kcorwnp^]i6~rwc^




icn¡\/[qp^ w>¬ork~rm[q¡gK£(~rT^ j[q¡nn¡k°vCornp ~rw'\
~rTni(oKiicn¡m[qpgﬀj^ wn¡r^>²£ª¦ﬁYnpY ni°~/ ¥w~rkcnpor~rqq¡np[^>~yw\
~y¬a­k|npikcY[^ 
(oKiicn¡m[qp^kcowc^>ju^kcY[^°wcoKm[q¡^]\ or ¤^jnizk^  ^°~y±izk~ym[npqpnkzg/oy ª^]wcnpojjnorwm[n¡kiGkco_~y±^ npsr^ ª~y~yqpgjicnpi]¬+XY[niﬂ\/^kcYoj
¦'~Ki'npKkwco[ju^>5n¡AO j£(SRP­£~yicu[mic^]tBu[^]Kkcqpg±n¡\/[wo¢K^]±mhg5jn¡¨(^ w^ Bk~yujkY[orwi[Op>j£[[£\QP­¬
X+o$oru[wG«h[o9¦ﬁq¡^>jsr^r£rorq¡gor[^ilkcu[g_jnp/[orkGw^]tBu[npwc^'kY[niGu[[n¡ ¥orw\®[^] ~¢gw~9k^]i~Kicicu[\/jkn¡oK¤£rm[ujkﬂ or ^ w[^]oK_kcY[^
oykY[^ wY~r5icghilk^ \











np@Op]P­¬GXY[niﬁ[wcohor +wc^]q¡np^]ioKﬀ`ﬂworuh¦ﬂ^ w iN³[j^](ornpKkﬁkcY[^]orw^ \ﬀ£[~r5npiﬁ[orkﬁ^ Bkcnpwc^]q¡g5ic^ q¡ CoKKk~rn¡^]²¬
b°u[w\
~rn¡ w^]icu[qkni~T or\/[qp^kc^[wohor 'or 'kY[^^ hnilkc^ ª^±~y u[[nn¡kg or 'kY[^\/^]Kkcnpor^] ~9kckcw~rkcoKwi6np  ¥^ ^]jmª~r«
qpohorTicghilk^ \
i ¬´Torw^ o9r^ w>£hkcY^\
~9kY[^ \
~9knp]~yq¤kcohoKqpiﬁnpBroKq¡r^>5kco[wo9r^|kY[npiw^]iluqk°ic^ ^ \ koY~>r^m(^ ^ Tnpsr[oKwc^>5np
kcY^orBkc^hkoy [np^] ^ ¦ﬁnil^6qpnp[^]~ywﬁsK^ [^6[^ k¦ﬂoKwc«\/oj[^ qi £[~r5oy¨U^ w~_r^]wcg[wor\/nicn¡[s ¥w~y\/^]¦ﬂorw«U¬
´ToKwc^[wc^>nil^]q¡gK£ykY[^wc^>ilu[q¡kNoK
¦ﬁY[npY¦ﬂ^\
~ynp[qpgw^ qpgniN~6³[j^>/(ornpKkNkcY^ orw^ \® ¥orwN\/or[orkcoK[^r£Borª ~¢r^ﬁor(^ w~9korwi £
¦ﬁY[^]wc^$\/or[orkcoK[np nkzg5~rﬀ or ~¢hn¡kg5~yw^$j^ ³[^>ﬀ¦ﬁnkYTwc^]ic(^]kﬁkco±~/~ywckcn~yq¤orwj^]w]¬ﬂXY[^ w^$^jnizki~rkcu~rq¡qpg5~/¦ﬂ^]q¡q¡½
j^]r^ qpor(^] oKwc[uªi~ym(oKujk°or(^ w~9korwiic~ykcniz ¥ghnp[s±icuYE[wcoK(^ wckcnp^]i]£^>il(^>n~yqpq¡g5 ¥orw|icgjizk^ \
i¦ﬁnkY (oBiln¡kcnpr^9~ywn~ym[qp^]i]¬
XY[^>il^w^]icu[qkiY~¢r^6kY[^~rj9~rKk~ysr^$oy m(^ np[ssK^ [^ wny£ª~ykY[^YBgh(oykY[^]ic^]iorT¦ﬁY[nYﬀkcY^ gwc^]q¡g~rwc^$oKﬀkcY[^oykY[^ w
Y~r~9ku[w~yqpq¡g5i~9kcnil³^]npkY[^orBkc^ Bkoy C[np^] ^ ¦ﬁnil^~y§/^$\/ojj^ qiﬁor Csr^ [^$^kz¦ﬂorw«ji ¬NaﬀoKwj^]wkco
sKn¡r^~/\/orw^






























n = 2 r
lk





n > 2 r
lktlkHGHuF#)$U\v\)(wRH>xsuy	[ﬁ_\
q = Tq o
zZH {
r q ∈ Z˚1
$(	>{*




w~r[npo9r^ whn¡^]¦oy CkcY[^kcohoKqpi~yªw^ ¥^ w^  ^]iﬁ¦ﬂ^wc^]q¡g5orﬀniﬁsKn¡K^ ﬀn¡ ic^]8knpor r¬ h¬XY[^ ¤£kcY^q~riiﬁoy C[np^] ^½
¦ﬁnil^6~9§















~rwlknp~rqGoKwj^]w]£ic^ ^m(^]q¡o9¦® ¥oKwj^³ª[nkn¡oKi~y oyk~ykcnpori]¬Eb°(^ w~9kcoKwi6¦ﬁn¡kcY m(oykY kY[^]ic^[wor(^]wlkn¡^>i$Y~¢r^
qp^]~K kco








~\/oKwc^/wc^>^]Kk$wc^>il^ Bk~ykcnpor oy icuY w^]icu[qki £+ju^/kco fj\_n¡kY Op]©+P­£+¦ﬁY[oKic^
 ¥orw\u[q~9kn¡oK5ni¦ﬂ^]q¡q~K[~yjk^]±kco
























[x, y] = {z |x 6 z 6 y}
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i, j, k ∈ {1 · · ·n} r
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κ : Rn+ → R
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τ(x) = mini∈Iout τi(x)
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Ta : ∂Da → ∂Da
.
Tax = ϕ (x, τ(x))
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W ′ ⊂ {x |xs = θs}
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sign (φai − xi) = sign (φ
a
i − ϕi(x, t))
$ *
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W ′ ⊂ {x |xs = θs} r
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i = j, m = s
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αj(x) ∈ (0, 1]
¬N´Torw^ o9r^ w]£B ¥orw



























si x = 0 ∈ Ij
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i(σ) = {x ∈ W˜ i | ∀j ∈ Ji , sign (φ
i
j − xj) = σj}.
o9¦$£h ¥wcoK\ kY[^|kcw~yªilq~9kn¡oKor ~yqpq(kY[w^]icY[orq[iﬂkcoW ^ wo£BkcY^6orwn¡sKn¡±or 
R
n−1 m(^ qporsKiﬂkco_^]r^ w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i ∈ {n + 1 · · · 2n}.
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`wcoK\ z] 	ﬁ~y l
Q 	'n¡k ¥orqpq¡o9¦ikcY~yk
sign (φ1) = (−1, 1 · · · 1) ∈ {±1}
n ¬ﬂXY[^]¤£ s1 = 1
~y
s0 ' s2n = n
np\_q¡np^]i
J1 = {2 · · ·n− 1}
¬GXY^ ¤£
σ1 = (1 · · · 1) ∈ {±1}J1
£~y
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i ∈ {1 · · · 2n}























∀i ∈ {1 · · ·n}, ∀j < i + 1, sign (φn+ij − x
n+i






sign (φn+11 − x
n+1













sign (φn+22 − x
n+2
















sign (φ2n−1n−1 − x
2n−1









sign (φ2nn − x
2n










sign (φn+i+1i − x
n+i+1
i ) = sign (φ
n+i+1
i ), i ∈ {1 · · ·n}.
¯Q 	
{ﬂor\mn¡[np[s_kY[niﬁ¦ﬁnkY5kY[^$[w^ hn¡oKui'qpnizkoy ^>tBu~yqpnknp^]isrnpr^]i
sign (φ1i − x
2n+1
i ) = sign (φ
1
i ), i ∈ {1 · · ·n},
¦ﬁY[nYﬀ^[~K8kcqpg\/^]~ri











x1 ∈ W˜ 1
£ªkcY^kcw~9xz^]kcorwg
{Tmx |m ∈ N}
npi°oKKk~ynp[^]ﬀnp
Z1
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∀j ∈ {1 · · ·n} \ {si−1}, sign (φ
i






























j x) = sign (φ
i−1




sign (φisi−1 − T˜
ai
si−1x) = sign (φ
i−1
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p, q, r ∈ R˚n+ o
h G$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T : [0, p] → [0, q]
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x ∈ [0, p]
¬GXY^ 
Tx ∈ [0, q]
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n = 2 r
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n > 2 r
lk _k\HtuF#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q = Tq o
zZH{+
r q ∈ Z˚1
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T = M(1)M(2n)M(2n−1) · · ·M(2)
¯©] 	
`orw~yhg
x1 ∈ P1 = [0, p]
¦ﬂ^$¦ﬁwcn¡kc^






 ~rm(^6^ hwc^>icic^]5ojorwjn¡ª~9kc^ ½@¦ﬁnil^ .
M
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j = k, m = si
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i £[icokcY~ykﬁ^]tBu~ykcnpori~ym(o9r^|~rwc^6izkwcoK[srqpg/w^ \/np[npi^]Kkﬁoy  l]Ł 	'~y lr3	8¬
%¤^ kui'^]9~rq¡u~ykc^kY[^6icnpsr±or ¤kY[^]ic^6tBu~yBkcn¡kcnp^]i]¬"`[wor\
x ∈ Pi−1
~y  ©B 	ﬂnk ¥orqpqpo¢¦iﬂkcY~yk
|φij | − xj > 0
¬a­kniqp^]~rw
~yqico/kcY~yk
|φisi | + xsi > 0
¬ﬁa­k ¥oKq¡qpo9¦ikY~9k>£ª ¥orw°~rq¡q+\/~ri
M(i)








DT(x1) = DM(1)(x2n)DM(2n)(x2n−1) · · ·DM(2)(x1).
 ©K 	
´ToKwc^]o¢r^]w]£Bn¡kic^ ^ \





















¬ o¢¦'^ r^ w>£hkcY[^$wo¢¦eicu[miwn¡[kior 
DM(i)
m(^]q¡oK[s_kco
{1 · · ·n} \ {si}
£(¦ﬁY[npq¡^kcY^oKq¡u[\/i°~yw^$npj^ h^>ﬀmhg
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(si−1 − 1, si−1 − 1) (si−1 − 1, si)
(si−1, si)





























  (n − 1, n − 1)











{2 · · ·n}
£Bn¡kﬂniN[orkﬂY~yw_koj^]juª^ ¥wor\ ¯©IQ 	kcY~yk
m(oykY[wojjuki.
Π2 = DM(2n)(x2n−1) · · ·DM(n+2)(xn+1)
~yª
Π1 = M(n)(xn−1) · · ·DM(2)(x1)
Y~¢r^6[oW ^]wco/^ Kkwcnp^]i]£[~r~yw^°k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∀x1 ∈ P1, DT(x1) > 0.
D
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∀x ∈ W˜n+i−1, T˜a
n+i









i ∈ {2 · · ·n + 1}
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n > i > 1
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1 < i 6 n− 1
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n + 1− i 6 j 6 n
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i 6= sj − 1
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i ∈ {1 · · ·n}
¬a­k6 ¥orqpqpo¢¦i|n¡\/\/^][np~ykc^ qpgTkcY~yk
sign (κn+i) = −sign (κi)


































































































i,i · · ·DM
(2)
1,i ,
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